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1 Motivation/Introduction

This brief paper seeks to discuss three quegﬁons regarding six phase synchronous
machines.

First, what are the advantages, if any, of using a d-q analysis in the simulation of transient
behaviour of a six phase machine? If a waveform approach is being used in the simulation, is the
d-q analysis necessary? Will the d-q analysis simplify or quicken the required computations?
Will the d-q analysis improve the accuracy or rate of convergence of the solution?

Second, in the way of the first questions, what are the underlying principles and assump-
tions of the d-q analysis? Would these underpinnings limit the utility of the d-q analysis in simu-
lating large (distant from steady state equilibria) transient effects?

Lastly, what are the peculiarities of six phase machine applications? How is the six phase
machine different from the more familiar three phase machine? How is it similar? What do the
differences and similarities portend?

The second section of this paper provides a six phase synchronous machine model. The
components of this model, with their appropriate assumptions, are described. The third section
of this paper develops the transformation to rotor coordinates of the flux linkages, voltage equa-
tions and torque relationships. The final section of the paper seeks to determine which of the
analyses are best suited for simulation.

2 Six Phase Synchronous Machines
2.1 Why Multiphases?

A single phase stator winding, excited by a sinusoidal current source, produces forward
and backward travelling MMF waves in an air-gap. (A synchronous metor mind-set is
employed here.) The rotor field can seek to align with either the forward or backward travelling
MMF wave. Adding an additional identical phase stator winding in space quadrature and excit-
ing it with a current in time quadrature of equal magnitude produces a sole forward travelling
MMF wave in the air-gap.--This fulfills the requirement for average power conversion. Having
additional phases beyond two in quadrature is a generalisation of the rotating MMF wave deri-
vation.

Three phase power,orany3-n n=1,2,3,..., is economical to generate and transmit
across distances encountered in utility applications. For this and other reasons, three phase
power is somewhat pervasive. Three phase synchronous machines too are pervasive. Hence,
the tools for analysis of three phase machines are well developed.

Six phase power is easily obtained from three phase power. In high power applications,
increasing the number of phases can ease the burden of current density limitations on conduc-
tors of a given size. Hence, an application of six phase machines is a high-power ship propul-
sion system. The analysis tools for three phase machines provide a basis for the analysis of six
phase machines.



2.2 Six Phase Synchronous Machine Model

2.2.1 Types of Six Phase Synchronous Machines

Merely to say "a six phase synchronous machine" does not provide information enough
to specify a machine. There exist symmetrical and asymmetrical six phase machines. The
difference between these two machines is shown in Figure 1. Both will be considered in this
treatise.
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The angular displacement P in the two types of machine plays an important role in the
stator winding mutual inductances. It greatly complicates the mathematics as well.

Given a symmetrical or an asymmetrical six phase synchronous machine, the machine
can be a round rotor or a salient pole machine. This difference will have a large impact on the
form of the inductance matrices. Both types will be considered in this treatise.

2.2.2 Flux/Current Relationships

To determine the forces of electromagnetic origin using the classic coenergy approach,
the magnetic flux within the air-gap of the machine must be described as a function of the
phase currents and the rotor angle. A magnetically linear machine is assumed outright. Fur-
ther, only the fundamental space and time components of the Fourier series expansion of the
air-gap fluxes will be considered. Hence, this model would not suffice for an application
which requires information about harmonics. In light of these assumptions, the fluxes within
the six phase machine can be described as below.
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The quantities that are considered are current, voltage and flux linkage. The phase quan-
tities have the classic interpretation. The rotor quantities warrant some explanation. The field
winding is assumed to be excited with dc current. The damper windings on the rotor are
described by assuming that the actual damper windings can be considered to consist of two
parts. The first part is an equivalent winding which is in alignment with the field winding.

The second part is an equivalent winding which is in quadrature with the field winding.

Modelling the damper windings as two windings in quadrature is classic. The validity
of such a model is not usually discussed quantitatively, references [1] - [6]. Reference [1],
page 384, states, "It should be emphasized that representation of induced direct-axis rotor cur-
rents by a single circuit is an approximation to the actual situation, in which there are a num-
ber of conducting paths. However, this approximation has been found to be quite valid in
many cases and is generally used to describe machine behavior." Reference [2], pages
212-214, discusses the use of equivalent damper windings. In fact, reference [2] indicates that
a model with two windings in the quadrature-axis comprises a more complete model of syn-
chronous machines than a model with just one. Reference [2] goes on to discuss when simpli-
fications of the two quadrature damper windings are appropriate. It states, "Also it is
necessary, in most cases, to include all three damper windings in order to portray adequately



the transient characteristics of the stator variables and the electromagnetic torque of solid iron
rotor machines [2]." Reference [2]’s reference [2] is a paper by the author on the subject of
solid iron rotor machines. Reference [3] acknowledges the role of damper windings but con-
siders their effect negligible on the major dynamics of the synchronous machine. Reference
[4] treats damper windings similarly. References [5] and [6] model the rotor as a single field
winding and equivalent direct and quadrature-axis damper windings. Hence, based on the dis-
cussion within the references, the damper windings are modelled using a rotor d-axis equiva-
lent winding and a rotor g-axis equivalent winding. That some of the transient nuances of
solid iron rotor machines will not be preserved must be recognised.

In the way of intuitively (physically) justifying the two windings-in-quadrature approach
to the damper windings, the physics of the rotor’s conductive paths are likened to leakage flux
paths in the stator windings. Describing the myriad leakage inductances by a single leakage
inductance has proven to be a relatively accurate means of accounting for leakage flux. Like-
wise, for the purpose of developing a simple model for use in an object oriented simulation, it
is entirely appropriate to describe the myriad of rotor conductor paths as two windings in
quadrature. If the application of the simulation requires a more accurate model, then the more
accurate, and complex, model can be incorporated. For now, the objective is a simple model
that allows the most important dynamics to be captured and used in an object oriented simu-
lation.

This chapter will develop the terms of equation (#1), specifically the rotor angle depen-
dence. Equation (#1) is given in "machine variables" or the variables that represent the physi-
cal inputs to and physical extent of the actual machine.

2.2.2.1 Stator Inductances

The six phase windings in the stator are taken to be symmetrical windings. Further, to
be wholly general, both round rotor and salient pole rotors are considered. The dependence

of inductances on the rotor’s position uses the electrical rotor angle, 6,.. The electrical rotor
angle is simply the mechanical rotor angle multiplied by the number of pole pairs.
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This representation of the stator winding inductances is general. It should be acknowl-
‘edged that the matrix will be symmetrical about the diagonal. Hence, there are 21 distinct
inductances in the matrix. The form that these inductances take depends upon whether the
rotor is round or possesses saliency. Both will now be considered.

2.2.2.1.1 Round Rotor Stator Phase Inductances

The stator inductance matrix for a round rotor (smooth air-gap) machine is shown
below. It builds upon the work of references [7] and [2]. It is important to realise that these
inductances are based upon consideration of only the fundamental component of the air-gap
MMF.
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2.2.2.1.2 Salient Rotor_Stator Phase Inductances

Analysis of a salient rotor machine is easier if the air-gap can be characterised by
some functional form. Reference [2] offers a suitable method for characterising a salient
rotor air-gap. Equation (#5) shows this relationship for the air-gap distance, g. ¢, is the
angular displacement about the rotor relative to the magnetic axis of the field winding.
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The stator winding inductances for a general, round rotor or salient pole, six phase
machine are shown below. The precise value of each of the "L" terms depends upon the
structure of the rotor and the windings of the stator. Calculating these values is relatively
straightforward. The results follow the overall stator inductance matrix.
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The three inductances that appear in the inductance matrix are L, L, and L,. L,
represents the leakage inductance of a stator phase winding. Whereas the windings are
symmetrical, the leakage inductance of each of the phase windings can be said to be equal
to that of a-phase, hence the subscript a. L, is the component of inductance due the stator
winding itself and a constant air-gap. L, is the magnitude of the component of inductance
which varies with the rotor position.
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N, is the equivalent stator windings per phase. r is the air-gap radius. 1 is the air-gap
axial length. o, and o, come from equation (#5). Note, if L,, is zero ( more specifically
o, in equation (#5) is identically zero), then the effect of saliency is removed and the result-
ing inductance matrix matches the inductance matrix for a round rotor machine.

These inductances are used to develop the fluxes for each of the six phases. These
fluxes are, in turn, used to find the torque and in the voltage equations. Of note, these fluxes
represent only the contributions from the stator windings, equation (#9). The mutual fluxes
with the rotor windings will be developed in a later section. Furthermore, these inductances
represent only the inductances which contribute to the fundamental component of the Four-
ier series expansion describing the air-gap MMF.
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2.2.2.2 Rotor Inductances

The three circuits which are presumed to represent the rotor are the field winding and
the two equivalent circuits-in-quadrature, representing the damper windings. The rotor
inductances are shown below. As with the stator windings, the precise values of the induc-
tances depend upon the structure of the rotor and the nature of the field and damper windings

themselves.
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N, Niy, Ny, are the equivalent turns per winding for the field, equivalent direct-axis
damper and equivalent quadrature-axis damper windings respectively. Subscripts 1 denote
the leakage inductances. The value of the field winding self inductance is shown in equation
(#11).
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Whereas the field winding and the equivalent direct-axis winding of the damper wind-
ing are aligned, their fluxes are coupled. On the other hand, the equivalent quadrature-axis
winding of the damper winding is perpendicular to the other windings. Furthermore, the
rotor does not experience any time-varying inductances due to saliency in the stator. (It is
assumed the stator has no saliency.)

2.2.2.3 Air-Gap Inductances

To determine the stator to rotor mutual inductances, the first requirement is to establish
a reference for angular displacements. In keeping with reference [6]’s use of reference direc-

tions, the angle 8, will represent the angular displacement of the field winding’s magnetic

axis from the phase-a magnetic axis. The mutual inductances are shown below. As with the
stator and rotor inductances, the precise values of the inductances depend upon the machine
geometry and winding configurations.
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Under the assumption that the stator windings are symmetrical and the stator has no
saliency, the magnitudes of the mutual inductances, M, L,,, and L.y, are constant. Further-
more, the magnitudes are the same for each of the six phases.
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2.2.3 Voltage Equations in Machine Variables

The stator winding voltage equations reflect the resistance of the stator windings and the
time-varying flux linkages. Furthermore, wye connected windings are assumed.
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Two items of note appear in the preceding equation. The structure of the resistance
matrix is shown below. It assumes balanced stator windings. The resistance per phase is r,.
Secondly, the L;, and M matrices depend upon the rotor’s angular displacement. The rotor’s
displacement varies with time.--It is usually a periodic function. Hence, the two matrices
have time derivatives that must be considered. A constant rotor speed is not assumed here.
The phase currents are sinusoidally varying in time; therefore, they too have time derivatives.
The rotor currents, although the field current is "dc", can have time varying values during tran-
sients, which is where the thrust of this research lies.
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The rotor circuits’ voltage equations are shown below.
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Taken together, in machine variables, the voltage equations of the six phase synchronous
machine are shown below.
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2.2.4 Electromagnetic Torque in Machine Variables

The description of electromagnetic torque is developed using the standard coenergy

approach. The system is mechanically assembled with electrical inputs equal to zero. Then,
the electrical variables are allowed to reach their values one at a time.
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When this sum of integrals is evaluated, the expression shown below results. It
describes the electromagnetic torque. Of note, no further simplification is possible unless-one

assumes balanced currents. Doing so would limit the applicability of this expression in a sim-
ulation environment.
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2.2.5 Synchronous Machine Equations in Machine Variables

Now, all of the equations which describe the behaviour, steady state and dynamic, will
be given in machine variables. This is merely a collection of the equations given to this point.
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These represent twelve equations. Assuming that nine variables are known, suppose the
voltages at the terminals of the machine can be specified, then equations (#25, #26 and #27)
can be used to solve for the remaining twelve variables, the nine phase currents, electromag-
netic torque, instantaneous rotor speed and rotor angle. It is vital to realise that no steady state
assumptions have been made in equation (#28).

The last step is to normalise the equations shown above. Presumably a power base and
voltage base are specified for the system to which the six phase machine will be connected;
that is, Py and Vj are given. For now, consider Vj to be an rms, line-to-neutral voltage.
Accordingly, I represents an rms line current.
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P, in equation (#31), is the number of pole-pairs of the machine. ®; is a base

frequency.--It is not necessarily the synchronous frequency. Whereas the field circuit and the
damper circuits operate at different voltage and current levels from the stator circuits, the base
quantities of the rotor circuit will be different from those of the stator circuit. Several con-
straints placed upon the structure of the normalised inductance matrix fix the values of the
rotor base quantities. Shown below is the constraint on the power level.
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Using these normalisations, the voltage and torque equations appear as below. It is
interesting to consider several aspects of these equations. First of all, no steady state assump-
tion has been made. Hence, the time derivatives of the inductance matrices in the voltage
equation do not resolve into rnultlphcatlon by a constant rotor speed. The dynam1¢a1 equation,
(#43), is made into a first order equation in @, and 6,,,; such a substitution requires the addi-

tion of equation (#28).
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3 Six Phase dq Transformation (Rotor Coordinates)
3.1 Park’s Transformation for Six Phases

The matrix shown below is the transformation matrix for a six phase machine. Itis a
derivative of Park’s transformation for a three phase machine. It converts the phase quantities
of the stator into a component in the direction of the rotor field axis, the "d"-axis, and a compo-
nent in quadrature with the rotor field axis, the "q"-axis. The four additional quantities are sta-
tor quantities that do not contribute to a vector that would have any spatial relationship with the

rotor field axis at all. These are the "zero" sequence quantities.
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This matrix differs somewhat from the matrix presented in reference [7]. To describe the
physical significance of this transformational matrix, think of the six phase machine as consist-
ing of two three phase systems displaced spatially from each other. The notion of the transfor-
mation is to resolve the stator phase quantities into components aligned with the rotor’s field
axis or in quadrature with it. The first row in the matrix determines the portion of the two three
phase systems which combine to form a component aligned with the rotor’s direct-axis. The
second row determines the portion of the two three phase systems which combine to form a
component in quadrature with the rotor’s direct-axis. The third row determines the portion of
the two three phase systems which, independently are parallel or anti-parallel to the rotor’s
direct-axis, but cancel the component of the other so that no component in the rotor’s direct-
axis exists. Likewise, the fourth row determines the portion of the two three phase systems
which, independently are perpendicular to the rotor’s direct-axis, but cancel the component of
the other so that no component in the rotor’s quadrature-axis exists. The fifth and sixth rows
determine the components of each of the two three phase systems which are in temporal phase,
and, hence, cancel due to their spatial phase yielding no component in the rotor’s direct or
quadrature axis.
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This interpretation of the transformation matrix agrees with that of reference [7] except
for rows number three and four. Reference [7] chooses to neglect this possible phase contribu-
tion and instead treats reverse sequence quantities. Both the transformation offered here and in
reference [7] are nonsingular, and their inverses are virtually their transposes. Hence, both
transformations are valid changes of variables. Reference [2], page 136, states, "Although the
transformation to the arbitrary reference frame is a change of variables and needs no physical
connotation, it is often convenient to visualize the transformation equations as trigonometric
relationships between [phase] variables..." The arbitrary reference frame referred to in [2] is a
generalisation of the rotor reference frame adopted by this paper and reference [7]. It appears
that the transformations offered here and in reference [7] are valid and will provide correct
results. Of note though, the dot product of the different rows of the two transformations are not
unity. Hence, the transformations are not equal. Some review of the validity of the transforma-
tion matrix proposed here is in order; although, the author will defend the one presented. Per-
haps a future research paper could concentrate upon all of the different possible six-phase
transformation matrices.

The inverse of the transformation matrix is shown below. The determinant of the trans-
formation matrix is a real, non-zero number. It also is important to note that the inverse trans-
formation matrix is the transpose of the transformation matrix itself but for a normalisable

scaling factor. Whereas T~ =T", then it is true that the transformation matrix is
orthogonal.--That is, all six rows comprise vectors perpendicular to each of the other five.
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The transformation matrix transforms phase variables into d-q variables.
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The inverse transformation matrix returns the d-q variables to phase variables. It is most
important to note that the transformation matrix and its inverse are functions of the rotor angle,
which is a function of time. Hence, the transformation matrix is different at the end of each
new time increment. It is important to note, though, that the transformation matrix does not
need to be differentiated or integrated.

ua ud
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3.2 Fluxes in Transformed Variables

All of the machine fluxes are described in equation (#1), which is written here. This
equation will now be transformed into d-q quantities and rotor variables. All of the elements of
the submatrices are defined and described in section 2.2.2. The transformation matrix is

defined in the preceding section.
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Each of the four submatrices in the preceding equation are considered. The stator induc-
tances, in L;,, depend upon the rotor angle. The six phase transformation seeks to remove this
time-varying dependence of inductances on the rotor position. Whereas the round rotor
machine is a specific case of the more general salient rotor machine, only the salient rotor equa-
tions will be transformed. The air-gap inductance matrices, M and M", also depend upon rotor
angle. The transformation matrix should also remove the rotor angle dependence from these
two submatrices. Lastly, the rotor inductances, Ly, have no dependence on the rotor angle.--As
they are not multiplied by a transformational matrix this quality will not change.

Each of the three submatrix multiplications indicated in equation (#50) was carried out
using MACSYMA, reference [8]. The results are shown below. As can be seen, none of the
inductances are dependent upon rotor angle. Instead, all of the inductances are constants.
Hence, the transformation achieves its goal. Additionally, the d-axis and g-axis quantities are

decoupled.
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3.3 Voltage Equations in Transformed Variables

The voltage equations for the six phase machine are cast into d-q form. In the transfor-
mation, the diagonal resistance matrix is premultiplied by the transformation matrix and post-
multlphed by the inverse of the transformation matrix. Hence, the diagonal resistance matrix

results, now in the d-q form.
Yag| | L 9 g
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The time derivative of flux linkage in equation (#55), with the flux linkages described by
~ equation (#54), is a lot less complicated than the equivalent set of equations in machine vari-

( ables, equation (#16). For one thing, the inductance matrix in equation (#54) is constant; hence,
it comes outside of the time derivative operator. The resulting equations are first order,
constant coefficient, linear differential equations in the d-q currents. This is significantly easier
to work with than the nonlinear equations, which include "speed voltage" terms, in machine
variables. The price paid for this simplification is having to perform the transformation to the
d-q variables, then the inverse transformation to recover the machine variables.

L’J—[Q &]'[h]ﬂk[m_qd !ﬂz].dt{[h}} #56

~ 3.4 Torque in Transformed Variables

The torque equation is now developed in the d-q variables. The transformation is applied

to equation (#22).
T=if TV Q- T iy +it - TV Q- ig #57
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3.5 Synchronous Machine Equations in Transformed Variables

To the equations describing the voltages and torque must be added the transformation
equations, and the inverse transformations as well.

qu=I'2ph
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Just as with the machine variables, these equations are normalised. Accordingly, base
quantities are assigned, namely base power and voltage. These would be the same quantities
given in equations (#29), (#30) and (#31). The normalised, time-invariant inductance matrix is
defined in equation (#66).

1 1
.L. —M ,
= Liaq Mg
L = Z Zy #66
Zyz-M Yaa Lo - Ly

Applying these base quantities, as well as base torque and per-unitised inertia, yields the
following equations.
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The resistance matrix in equation (#67) is defined by equation (#36), in section 2.2.5.

4 Conclusion/Recommendation

What are the advantages, if any, of using a d-q analysis in the simulation of transient
behaviour of a six phase synchronous machine?

The principle advantage of the d-q analysis arises from the elimination of time-varying
inductances. The L matrix in equation (#41) must be recomputed each time step. The L matrix

in equation (#68) is given at the beginning of the simulation. Furthermore, the _E matnx in equa-
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tion (#41) must also be differentiated each time step. This is not the case for the 1_qu matrix in

equation (#68); it is time invariant. The conclusion - the transformation makes the voltage
equations much simpler (linear in d-q variables). The price is having to perform the
transformation.--The transformation matrix must be recomputed each time step before applying
it to the phase quantities. Computation of and differentiation of a (9x9) matrix is substituted
with computation of and multiplication by a (6x6) matrix and its inverse. (The functional form
of the inverse is known a priori.) The matrices are stated as being (9x9) and (6x6); however,
using a Legendre polynomial waveform approach, the dimensions of the matrices will be larger,
a function of the number of terms of the Legendre polynomial being retained.

Elimination of the time-varying inductances also simplifies the electromagnetic torque
equations. Consider the complexity of equation (#22) given the two time-variant matrices, Q
and Q’, in equations (#23) and (#24). As with the inductance matrix in the machine variable
representation, these two matrices must be recomputed each time step as they are functions of the
rotor angle. The torque equation (#60) is significantly simpler, the improvements and penalties
due to the d-q transformation being the same as in the voltage equations.

If a waveform approach is being used in the simulation, is the d-q analysis necessary?

Given a waveform approach, the d-q transformation is not necessary. The phase voltages
and currents all have assumed waveforms which are solved for iteratively. The rotor angle and
rotor speed also have assumed waveforms. The rotor angle waveform must be substituted into
the inductance matrix during the iterative solution of the voltage and current waveforms.--This
represents a nonlinearity in the solution of the voltage, current and rotor waveforms. Further-
more, the effect of this nonlinearity is pervasive. All of this is to say that using a waveform
approach will work in machine variables; however, if saliency of the rotor is an important part of
the model, then the mathematics of the solution become nonlinear and very complicated.

Will the d-q analysis simplify or quicken the required computations?

The d-q transformation certainly simplifies the electrodynamical equations; it makes them
linear. Hence, the solution for the transformed variables should converge very quickly. To the
solution rate must also be added the time required to perform the transformation and the inverse
transformation. Subsequent research of the author may explore this aspect of the d-q transforma-
tion and the waveform approach.

Will the d-q analysis improve the accuracy or rate of convergence of the solution?

The answer to this question has not been quantitatively established. For a linear system,
the Legendre polynomial waveform approach converges in one step. Hence, the electrodynami-
cal equations converge very quickly. However, the convergence of the input/output or implic-
it/explicit variables’ solution needs to explored quantitatively.--This is the subsequent research
area.

In the way of the preceding questions, what are the underlying principles and
assumptions of the d-q analysis?

No assumptions are made with regards to rotor speed or rotor angle. Hence, the d-q analy-
sis is general in the sense that it is valid for steady-state and dynamic analyses. The principle is
that the rotor does not see time-varying inductances. Hence, the d-q analysis is quite simply a
variable transformation. The physical interpretation of the mathematically valid and permissible
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transformation is discussed in section 3.1. A useful product of the transformation, a decoupled
flux model, is dependent upon the assumptions underlying the form of the inductances used and
upon the frame of reference of the transformation of variables.

Would these underpinnings limit the utility of the d-q analysis in simulating large
(distant from steady state equilibria) transient effects?

No. The preceding paragraph discusses the answer to this question.
What are the peculiarities of six phase machine applications?

Six-phase machines are very similar to classic three-phase machines. In fact, the symmet-
ric six-phase machine is virtually indistinguishable from a three phase machine. In the discus-
sion of the physical interpretation of the d-q transformation, it was helpful to think of the
six-phase machine as being two colocated three-phase machines. Hence, the only peculiarity
would be to use a symmetric six-phase machine thinking that it would improve on the character-
istics of a three-phase machine, aside from increasing current-carrying capability over a three-
phase machine with similar phase windings.

How is the six phase machine different from the more familiar three phase machine?
How is it similar?

See the preceding discussion.
What do the differences and similarities portend?

The asymmetric six-phase machine offers harmonic reduction. It is also relatively easy to
obtain six-phase power from a three-phase system or generate six-phase power in its own right.
The technological risks involved in developing six-phase power systems are significantly less
than some other number of phases because six-phase power is so similar to traditional three-
phase power.
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